Abstract. We study the motivic integration over Deligne-Mumford stacks. We define the categories of twisted jets and twisted arcs over a Deligne-Mumford stack and verify that they are actually Deligne-Mumford stacks. This result applies to a general base field containing all roots of the unity. Then we introduce a measure to the space of twisted arcs. We prove the transformation rule for a proper birational morphism from a smooth Deligne-Mumford stack to either a smooth Deligne-Mumford stack or a possibly singular variety. It is the formula describing the relation between the measures over the spaces of twisted arcs. It applies even to a stack which has a nontrivial automorphism group at the generic point. As an application, we associate an invariant to a pair of a normal Deligne-Mumford stack and a divisor with Kawamata log terminal singularities. It is a common generalization of the stringy E-function and the orbifold cohomology. Using the invariant, we easily arrive at several variations of the McKay correspondence.
Introduction
In this article, we study the motivic integration over Deligne-Mumford stacks, which was started in [25] . The motivic integration was introduced by Kontsevich [13] and developed by Denef and Loeser [7] , [8] etc. It is now well-know that the motivic integration is effective in the study of the birational geometry. For example, Mustaţǎ [17] applied the theory to the study of singularities appearing in the minimal model program.
In the theory of motivic integration, the spaces of jets and arcs play a vital role. For an algebraic variety X over a field k, an n-jet is a k[t]/t n+1 -point of X and an arc is a k[[t]]-point. There are a scheme J n X of finite type parameterizing n-jets and a scheme J ∞ X parameterizing arcs. We can define a kind of measure over J ∞ X(k) by using the canonical morphisms J ∞ X → J n X. To generalize the theory to Deligne-Mumford stacks, it is not sufficient to consider only k[t]/t n+1 -points (or k [[t] ]-points) of a stack. Inspired by a work of Abramovich and Vistoli [1] , the author introduced the notion of twisted jets and twisted arcs in [25] . Let X be a Deligne-Mumford stack of finite type. A twisted n-jet over X is a representable morphism from a quotient stack [(Spec k[t]/t nl+1 )/µ l ] to X and a twisted arc is a representable morphism from a quotient stack [(Spec k[[t]])/µ l ] to X . We will consider the category J n X (resp. J ∞ X ) of twisted n-jets (resp. twisted arcs) parameterized by a scheme and prove that it is actually a DeligneMumford stack. The stack J 0 X is canonically isomorphic to the inertia stack of X . For X smooth, we will define a measure over the space (J ∞ X ) in a similar fashion. Remark 1.1. A twisted arc corresponds to a ramification of arcs over a variety M and a quotient variety M/G, which was considered by Denef and Loeser in [8] .
For a proper birational morphism f : Y → X of varieties, from the valuative criterion for properness, the induced map f ∞ : J ∞ Y → J ∞ X is bijective outside of measure zero subsets. For Y smooth, the relation of the measures µ X and µ Y is described by the transformation rule proved by Denef and Loeser [7] , which is the most fundamental theorem in the theory;
Here ord Jac f is the order function of the jacobian ideal of f . Consider a proper birational morphism f : Y → X from a smooth Deligne-Mumford stack to either a smooth Deligne-Mumford stack or a possibly singular variety. For example, let M be a smooth variety and G a finite group effectively acting on M. Then the canonical morphism from the quotient stack [M/G] to the quotient variety M/G satisfies the condition. Therefore this class of morphisms unifies the proper birational morphism of varieties and the Galois coverings. We have a natural morphism f ∞ : J ∞ Y → J ∞ X . We prove that it is also a bijective outside of measure zero subsets and generalize the transformation rule to this case as follows: The functions s Y and s X are the numerical contribution of the automorphism groups of points of Y and X . It is a new non-trivial phenomenon appearing in the stack case. Remark 1.3. The theorem was proved in [25] for the morphisms from a smooth stack X without reflection to its coarse moduli space with Gorenstein singularities.
As an application, we associate an invariant Σ(X , D) to the pair of a normal stack X and a Q-divisor D with Kawamata log terminal singularities. It is a common generalization and universalization of Batyrev's stringy E-function and orbifold E-function (see [2] ) and Chen and Ruan's orbifold cohomology (see [4] , [19] ). This invariant has many interesting features. Remark 1.5. Kawamata [10] obtained a closely related result in terms of the derived category.
As an example of consequences of this simple theorem, we can derive a global version of McKay correspondence: Let M be a smooth variety. Let G be a finite group effectively acting on M. Assume that for every g ∈ G, the fixed point locus M g is at least of codimension 2 and that the quotient variety M/G has a crepant resolution X → M/G. Then from the last theorem, we have the following equation;
Here the second sum runs over the C g -orbits of a connected component of M g and sht(V ) is a number determined by the action of g on the normal bundle N V /M . We can prove a more general versioin, Ruan's conjecture (Theorem 4.20) .
We mention a generalization of the motivic integration in another direction by Sebag [20] . He generalized it to formal schemes over a complete discrete valuation ring with the residue field perfect.
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Stacks of twisted jets
In this section, we work over a field k which includes all roots of unity.
2.1. Short review of the Deligne-Mumford stacks.
2.1.1. Let us review the Deligne-Mumford (DM) stack very briefly. We mention a book of Laumon and Moret-Bailly [14] as a reference of stacks. We will sometimes use results from it.
Fix a base field k. A DM stack X is a category equipped with a functor X → (k-schemes) which satisfies several conditions. Each object α of X has a finite automorphism group Aut(α). A (1-)morphism Y → X of DM stacks is a functor compatible with the functors Y → (k-schemes) and X → (k-schemes). The DM stacks constitute a 2-category. Namely there are 2-morphisms between two 1-morphisms Y ⇉ X , which are nothing but natural transformations of functors. Every scheme or more generally every algebraic space is considered to be a DM stack. We can generalize many properties of a morphism of schemes to DM stack; etale, smooth, proper etc. By a condition in the definition, for every DM stack X , there exist an algebraic space M and an etale surjective morphism M → X , which is called an atlas. A point of a DM stack X is a morphism Spec K → X for some field K ⊃ k. The point set |X | is the set of the equivalence classes of points. It carries a Zariski topology (see [14] for details). A morphism f : Y → X of DM stacks is called representable if for every morphism M → X with M an algebraic space, the fibre product M × X Y is also an algebraic space. It is equivalent to that for every object ξ ∈ Y, the natural map Aut(ξ) → Aut(f (ξ)) is injective.
Quotient stack.
One of the simplest examples is a quotient stack. Let M be an algebraic space and G a finite group acting on M. Then we can define the quotient stack [M/G] as follows; an object over a scheme S is a pair of a G-torsor P → S and a G-equivariant morphism P → M and a morphism of (P → S, P → M) to (Q → T, Q → M) over a morphism S → T is a G-equivariant morphism P → Q compatible with the other morphisms. This stack has the canonical atlas M → [M/G] and a natural morphism [M/G] → M/G.
2.1.3.
Limits of Deligne-Mumford stacks. For a projective system {X i , π i : X i+1 → X i } i≤0 of DM stacks such that every π i is representable and affine, then there exists a projective limit X ∞ = lim ←− X i . We can verify it as follows; for each i, there is an O X 0 -algebra A i such that X i ∼ = Spec A i (see [14, §14.2] ) and the A i 's constitute an inductive system. So we define A ∞ to be the inductive limit of {A i } i . Then X ∞ := Spec A ∞ is the projective limit of {X i } i .
For a inductive system of DM stacks with affine morphisms, we can verify the existence of the limit by the same argument.
Stacks of twisted jets.
2.2.1. In the article [25] , the author introduced the notion of twisted jets. There we considered only twisted jets over a field and constructed the stack of twisted jets as a closed substack of another stack. In this article, we consider the category of twisted jets parameterized by arbitrary scheme. Then we verify that it is actually a DM stack.
First, let us recall jets and arcs over a scheme. Let X be a variety and n be a nonnegative integer. Then the functor
is representable by a sheme J n X, called the n-jet scheme. From the natural surjection k[t]/t n+2 ։ k[t]/t t+1 , we derive the truncation morphism J n+1 X → J n X. They are all affine morphisms. So the projective limit
Let X be a DM stack. Define
The group µ l ⊂ k of l-th roots of unity acts on
Definition 2.1. For 0 ≤ n < ∞, define the stack of twisted n-jets of order l, denoted J l n X , as follows; an object over a k-scheme S is a representable morphism D l n ×S → X , a morphism from γ :
Replacing "×" with "×" and n with ∞, we define the stack of twisted arcs (or twisted ∞-jets) of order l,
The arguments in this section work equally for n finite and for n infinite. Therefore we omit the hat symbol of× for n infinite and treat finite and infinite n at one time. To see that it is a prestack, we have to show that for two objects
. is a sheaf. Consider a morphism T → S and a etale cover T i → T . Let T ij := T i × T T j . For every object α of D l n × T , we have the pullbacks α i and α ij to D l n × T i and D l n × T ij respectively. Since X is a prestack, the sequence
is exact. Since a morphism of twisted jets is a natural transformation of functors, so it implies that the sequence
is also exact, and the functor Isom(γ, γ ′ ) is a sheaf. It remains to show that one can glue objects. Let T i → T be an etale cover of a k-scheme, let γ i : D l n × T i → X be a twisted jet and let
Assume that they satisfy the cocycle condition. Then for every object α of D l n × T , we can glue the objects γ i (α i ) of X , because X is a stack. Therefore we can determine the image of α and obtain a functor γ : D In [25] , we defined a barely faithful morphism to be a morphism f : Y → X of DM stacks such that for every object ξ of Y, the map Aut(ξ) → Aut(f (ξ)) is bijective. Barely faithful morphism are stable under base change [25, Lemma 4.21] .
where the bottom arrow is representable and the left arrow is a natural one. Then we claim that there exists a unique morphism D l n × S → Y which fits into the diagram. The lemma easily follows from it.
Without loss of generality, we can assume that S is connected. Let U ⊂ (D (1) Let M be a scheme, G a finite group acting on M and Conj l (G) ⊂ G the set of the representatives of the conjugacy classes of order l. Let ζ be a primitive l-th root of unity. Put
(2) Let X be a DM stack. Then for 0 ≤ n ≤ ∞, J l n X and J n X are also DM stacks. 
The morphism
n is a pull-back of α and any automorphism is a pull-back of a power of θ. Therefore the twisted jet γ is determined by the images of α and θ in X .
Let the diagram
be the object over S of X which is the image of α by γ. Let λ be its automorphism over ζ × id :
Because γ is representable, the order of λ is also l.
there are open and closed subsets Q ′ ⊂ Q and P ′ ⊂ P which, for some g ∈ Conj l (G), are stable under C g -action and C g -torsors over S.
Take an etale cover T → S such that Q T := Q × S T is isomorphic to the trivial G-torsor T × G → T with a right action. Then the pullback of the automorphism λ is a left action of some g −1 ∈ G over each connected component of T . If necessary, replacing the isomorphism Q T ∼ = T × G, we can assume that the automorphism is given by unique
It is a contradiction. Similarly P decomposes also.
It means that the morphism 
For each n, the natural closed immersion
n X n constitute a projective system of DM stacks. From Lemma 2.4, every morphism in the system is affine and the limit exists. The limit is nothing but J l ∞ X . Definition 2.6. We denote by π n the natural morphism J ∞ X → J n X .
Inertia stack.
To each DM stack X , we associate the inertia stack IX defined as follows; an object of IX is a pair of an object of X and its automorphism and a morphism of IX is a morphism of X which is compatible with the automorphisms. The inertia stack IX is isomoprhic to X × ∆,X ×X ,∆ X , where ∆ : X → X × X is the diagonal morphism.
Lemma 2.7. There is a natural isomorphism
Proof. The assertion follows from the fact that giving a representable morphism D l 0 × S → X is equivalent to giving an object over S of X and its automorphism of order l. 
Thus we obtain a jet on W .
We generalize it to a general (not necessary representable) morphism of DM stacks. 
Proof. Let M → V be an atlas. We can obtain a groupoid space
The stack associated to the groupoid space is again
Similarly we can obtain some structure W M × W W M ⇉ W m like a groupoid space, but each object is not a variety but a DM stack. Taking the coarse moduli space of the objects, we obtain a groupoid space
Note that the existence of the coarse moduli space was proved by Keel and Mori [11] . Let N → W M be an atlas. Then the composition N → W M → W is also an atlas. So we have another groupoid space N × W N ⇉ N.
Now there are naturally induced morphisms of the groupoid spaces
and the corresponding morphisms of DM stacks
They satisfy the conditions of the lemma.
Because of the universality, the morphisms g and h are uniquely determined. We call it the canonical factorization of f . For each point y ∈ Y and its image x ∈ X , we have a homomorphism of the automorphism groups φ : Aut(y) → Aut(x). Then the canonical factorization corresponds to the factorization of φ,
The canonical factorization is a generalization of the coarse moduli space too. In fact, in the lemma, if V is an algebraic space, then W ′ is the coarse moduli space of W.
Motivic integration and transformation rule
In this section, we work over an algebraically closed field k of characteristic zero. Let µ ∞ := ∪ l µ l ⊂ k be the set of the roots of unity. Suppose that we are given monomorphism µ ∞ ֒→ C * . We denote by ζ l to be the inverse image of exp(2π √ −1/l) ∈ C. We mean by a variety a separated algebraic space of finite type over k.
Grothendieck rings.
3.1.1. Grothendieck ring of varieties. Let K 0 (var k ) be the Grothendieck ring of varieties, that is, the free abelian group generated by the isomorphism classes {V } of varieties modulo relations; for a closed subvariety W ⊂ V , {V } = {W } + {V \ W }. It has a ring structure by the product {V }{W } := {V × W }. Let L ∈ K 0 (var k ) be the class of an affine line and let M be the localization of
(1) Let X be a variety and X red the associated reduced variety. Then we have {X} = {X red }.
(2) From [12, Proposition 6.6], every noetherian algebraic space decomposes into the disjoint union of schemes. Hence the ring K 0 (var k ) is generated by the classes of schemes. (3) As pointed out in [27] , we may consider the Grothendieck semiring instead of the Grothendieck ring.
Since we work over stacks, it is useful to add another relation.
Definition 3.2.
A morphism f : Y → X of DM stacks is said to be a M-trivial fibration of rank e if for every closed point x : Spec k → X , the fibre f −1 (x) is isomorphic to an affine space of dimension e.
For a DM stack X , we denote by {X } the class of the coarse moduli space {X }. We take the quotient N k of M k by adding the following relation; for a M-trivial morphism Y → X of rank e,
Let F m ⊂ N k be the subgroup generated by the elements {V }L n with dim V + n ≤ −m. We definê
It has a natural ring structure. We will define the motivic measure which takes values in this ring. 
Assume that the base field k is C. The compact-supported cohomology group H i c (X, Q) of every variety X has a natural mixed Hodge structure. So we can associate the Hodge characteristic
is the associated graded with respect to the weight filtration. If Y ⊂ X is a closed subvariety, then we have the additivity equation
Moreover for an affine line, χ h (A 1 ) is invertible. Hence there is a ring homomorphism
Proof. Let Y and X be the coarse moduli spaces of Y and X respectively and f : Y → X the induced morphism. Since every fibre of f is a quotient of an affine space by a finite group, the higher direct images of Q Y vanish;
Hence the spectral sequence is degenerate and it follows that
Since there is a stratification of X by smooth locally closed substacks, replacing X with a stratum, we may assume that X is smooth. Then Y is also smooth. So the varieties Y and X have only quotient singularities. From Poincaré duality, we conclude that
Considering the sheaves as mixed Hodge modules studies by Saito [22] (see also [21] ), we can consider the isomorphims of cohomology groups as those of mixed Hodge structures. It implies the lemma.
Because of the lemma, the map M C → K 0 (HS) induces a map
Since the maximum weight of H i c (X, Q) does not exceed 2 dim X, it extends up to a mapN C →K 0 (HS). In the following, we will consider the motivic integration with values inN k and construct invariants as elements ofN . By the map above, if k = C, we can however consider the motivic integration with values inK 0 (HS) and obtain invariants in it.
Remark 3.4. In the proof of Lemma 3.3, we used only the additivity, Poincaré duality for a variety with quotient singularities and the degeneration of spectral sequence. The author thinks that these properties should hold for any good cohomology theory, and that if the cohomology theory have outputs in an abelian category A, then there is a map to the Grothendieck ring of A;
3.2. Motivic measure and motivic integration over the space of twisted arcs. Let X be a smooth DM stack of equidimension d.
Therefore it suffice to show that every fibre of the morphism (
Therefore every fibre of the morphism (
is an affine space.
Definition 3.6. Let W be a DM stack of finite type and A ⊂ W(k) a constructible subset. Namely there are locally closed substacks
Clearly it independent of the choice of A i .
n π n (A) and π n (A) is a constructible subset.
Then define a measure;
This is well defined from Lemma 3.5.
and we have µ X (C i ) ∈ F m for all i, and lim i→∞ µ X (C i ) = 0 inN k .
For a measurable subset A, we can define a measure of A to be
Thus we can extend the measure µ X to the family of the measurable sets;
Definition 3.9. Let A ⊂ J ∞ X be a subset. Then a function f : A → Z ∪ {∞} is called measurable if for every n ∈ Z ∪ {∞}, the fibre f −1 (n) is a measurable subset and µ X (f −1 (∞)) = 0.
For a measurable function f : A → Z ∪ {∞}, we define the motivic integration of L f as follows;
If the right hand side converges, the integration is well defined to be an element ofM k . We will consider also a Q-valued function f . In that case, we take the direct productN Q/Z k ofN k with the index set Q/Z instead ofN k . Then for q ∈ Q, we define L q to be the element of N Q/Z k whoseq-th component is L ⌊q⌋ and other components are zero, where ⌊q⌋ is the round down of q andq is the equivalence class of q in Q/Z. Then for a Q-valued measurable function f : A → Q ∪ {∞}, we define the motivic integration of L f by the same equation;
3.3. Motivic integration over a singular variety. Let us review the motivic integration over a singular variety which was studied by Denef and Loeser [7] . Let X be a reduced variety of equidimension d. If X is not smooth, then the truncation morphism J n+1 X → J n X is not generally M-trivial. Moreover the dimension of J n X can be larger than (n + 1)d. Denef and Loeser however proved that the dimension of π n (J ∞ X) is less than or equal to (n + 1)d and that for each n, there is a closed subset Z n ⊂ π n (J ∞ X) such that the truncation morphism J n+1 X → J n X is M-trivial (in fact, even piecewise trivial) of rank d over π n (J ∞ X) \ Z n and lim
For a constructible subset A ⊂ π n (J ∞ X) \ Z n , we define the measure of π
Then as above, we define a measurable subset in J ∞ X, the measure µ X : {measurable subset} →N k a measurable function and the motivic integration of a measurable function. Let f : Y → X be a proper birational morphism of varieties. Let
Then from the valuative criterion for the properness, the map
Definition 3.10. For an ideal sheaf I ⊂ O X , we define the order function as follows
Denef and Loeser [7] proved the transformation rule (the change of variables formula) which describes the relation of µ X and µ Y . 
3.4. The transformation rule for stacks. 
Proper birational morphism and twisted arcs.
is bijective. 
Shift number.
Let X be a smooth DM stack of equidimension d and x ∈ X a closed point. Then the automorphism group Aut(x) linearly acts on the tangent space T x X . To each element g ∈ Aut(x), we associate sht(g) ∈ Q as follows:
Alternatively we can define it by diagonalizing g, say g = diag(ζ
, and putting
It depends only on the conjugacy class of g. Since the fibre of IX → X over x is isomorphic to the set of conjugacy classes in Aut(x), to each closed point p ∈ IX , we can associate a shift number sht(p). If fact, the function sht : IX (k) → Q is locally constant (see [25, §3.3, 3.4] ). Hence we can associate also to a connected component V ⊂ IX a shift number sht(V).
We denote by s X the composition
For a singular variety X, we denote by s X the zero function over J ∞ X.
3.4.3.
Transformatioin rule. Now we will generalize the transformation rule for the proper birational morphisms Y → X where Y is a smooth DM stack and X is either a smooth DM stack or a (possibly singular) variety.
Let us define the order of a twisted arc along an ideal sheaf. In general, the order along a twisted arc is not an integer, but a rational number. 
(By the equation, we also assert that the left hand side converges if and only if the right hand side does.)
Proof. Since we have
it suffices to show
Namely we may assume that h ≡ 0. Let B ⊃ B e := {β|ord Jac f (β) = e} and A e := f ∞ (B e ). Then it suffices to show the following equation:
We may assume that B e is a connected cylinder. Let s Y | Be ≡ s 1 and s X | Ae ≡ s 2 . Then the last equation is equivalent to the equation
It is a direct consequence of Lemma 3.17.
We define the jacobian ideal sheaf Jac X of X to be the d-th Fitting ideal of Ω X /k . It is trivial if X is smooth. 
From the assumption, the image of (α
is a derivation. So we have a corresponding homomorphism
Moreover since n is larger than the length of the torsion part of (α
annihilates the torsion of (α
annihilates the torsion of (f β ′ 1 ) * Ω X /k . Therefore it lifts to a homomorphism
mod m (n−e)l+l/l ′ , and
Replacing β ′ 1 with β ′ 3 and repeating the same argument, we obtain β
mod m (n−e)l+l/l ′ ), and
Repeating the argument, we obtain β It means that π n−⌈e⌉ (β 1 ) = π n−⌈e⌉ (β 2 ).
Assume that the function ord Jac f is constant with value e < n over B and the inequality ord Jac X < n holds over B. Then f n | πn(A) is a M-trivial fibration of rank e − s 1 + s 2 .
Proof. Choose a twisted arc β ∈ A. From γ, we define β ′ : D ∞ → Y and α : D ∞ → X as in Lemma 3.16. Let n ′ := n−⌈e⌉ and let β 1 ∈ J l ∞ Y be a twisted jet with π n ′ (β) = π n ′ (β 1 ). Let y ∈ Y be the image of the closed point by β. Then as in Lemma 3.16, we obtain a derivation
and so a homomorphism
. Completing Y and X , we can assume that
with finite G ⊂ GL d (k) and X ∼ = [Spec R/H] with R complete and H a finite group acting on R. Note that if X is a variety, then H is trivial. Let g ∈ G be the image of ζ l ∈ µ l by the homomorphism
Then the homomorphism δ(β 1 ) sends dy i to an element of the form
On the other hand, the space S of the homomorphisms (β
/m nl+1 which send dy i to an element of this form is the vector space of dimension d(n − n ′ ). Therefore
We can see that f −1 n f n π n (β) is isomorphic to the kernel of
We have an isomorphism (β
) be the set of the homomorphisms which send dy i to an element of the form
Then by the homomorphism
S maps to S ′ bijectively. If X is a smooth stack, then for a local coordinates
Choosing the coordinates so that the h-action is diagonal, say h = diag(ζ
If X is a variety, we define φ to be the identity. Claim 1.: Then there exists a unique homomorphism τ :
, which is generated by the monomials
and R is determined by
Hence,
Therefore we can define τ by
Claim 2.:
The kernel of
is isomorphic to the kernel of (3.1) and therefore to f −1 n f n π n (β). Let u ∈ S and let u ′ ∈ S ′ be the corresponding element. Let
be the images of u and u ′ by the homomorphisms (3.1) and (3.2) respectively. They kill the torsion of (f β ′ ) * Ω X /k . Since the claim is trivial if X is a variety, we may assume that X is a smooth stack. Then we can see that if
Therefore the second claim holds. Now it suffices to show that the dimension of the kernel of (3.2) is e − s 1 + s 2 . If X is a variety, we denote by dx i generators of the nontorsion part of (f β ′ ) * Ω X /k which are pull backs of sections of Ω X /k . From Claim 1, the homomorphism
We have a canonical one-one correspondence between S ′ and
The kernel of (3.2) is isomorphic to the kernel of
and to Hom(Coker τ ′ , n n ′ +1 /n n+1 ).
Hence we have dim f
We have thus proved Lemma 3.17.
Remark 3.18.
(1) To prove the lemma, we have adopted the ringtheoretical approach used by Looijenga [15] . (2) The lemma says that e−s 1 + s 2 is always an integer even if each term is a rational number. This fact is interesting itself and suggests that the transformation rule for the non-Gorenstein case (that is, Aut(x) SL(T x X )) is much more delicate that one of the Gorenstein case. Therefore, in fact, Denef and Loeser put the Gorenstein condition in the study of the McKay correspondence [8] , though there is an incomplete proof in [15] .
Σ-invariant of a pair of a stack and a divisor
We use the motivic integraion over smooth stacks and resolutions of singularities to define an invariant for a pair of a normal DM stack and a Q-divisor with Kawamata log terminal sigularities, as Batyrev did for a variety in [2] .
4.1. Resolution of singularities of stacks. For every variety, there exists a resolution of singurlarities, which was verified in Hironaka's famous paper [9] . To prove the stack case, we need a resolution algorithm of singularities of varieties which is compatible withétale morphisms. Villamayor [23] [24] constructed a resolution algorithm with this property. In fact, his algorithm is compatible even with smooth morphisms. Subsequently Bierstone and Milman [3] , Encinas and Villamayor [6] constructed other algorithms with this property. Let f : X 2 → X 1 be an etale morphism of varieties and X i := Bl I i X i (i = 1, 2) the output variety of the algorithm. Here I i is an ideal sheaf over X i respectively. Then f −1 I 1 = I 2 . Let X be a irreducible reduced DM stack of finite type. To each etale morphism U → X with U a variety, we attach an ideal sheaf I U such that Bl I U U is the canonical resolution of U and obtain an ideal sheaf I ⊂ O X . The blow-up of X with respect to I,
(for "Proj " over a stack, see [14, §14.3] ) is smooth. In fact, if D is stably normal crossing we can choose the coordinates y 1 , . . . , y d so that the G-action is linear. We can see it as follows: Suppose thatD is defined by y 1 · · · y c . Since each irreducible component is stable under the G-action, for 1 ≤ i ≤ c, g(y i ) lies in the ideal (y i ). Let g be the linear part of g. Namely we can write g(y i ) = g(y i ) + (terms of order at least 2) (g ∈ Aut(y), 1 ≤ i ≤ d).
If we put y
and if we replace the coordinates with y The function i ∆ : ∆(k) → Z >0 is upper semi-continuous. The locus V ⊂ ∆ of the points of the maximum index is smooth. Let X ′ → X be the blow-up along V , E the exceptional divisor, D ′ the strict transform of D and ∆ ′ the strict transform of ∆. Then D ∪ E is again normal crossing. Clearly for every irreducible component E 1 of E and for every point p ∈ E 1 , the index i E 1 (p) is one. Moreover the maximum of the function i ∆ ′ is less than one of i ∆ . Hence repeating the blow-up, we obtain a proper birational morphism Y → X such that if F is the exceptional divisor and the strict transform, then every closed point of F has index one with respect to any irreducible component of F . It means that F is stably normal crossing.
4.2. Σ-invariant. Let X be a DM stack of finite type and D a QCartier divisor of X . We define a measurable function F D : J ∞ X → Q ∪ {∞} in turns. If D is an effective Z-divisor and if I D is the ideal sheaf of D, then we define
If D is a Z-divisor and if we write D = D 1 − D 2 with D 1 and D 2 effective, then we define
We do not distinguish ∞ and −∞. According to D 1 and D 2 , the function F D can change only over a measure zero subset. Finally for general D, if r is an integer such that rD is Cartier, then we define Proof. It suffices to show that the integration
converges for every closed point y ∈ Y. So consider the completion
of Y at y. Choose the coordinates so that G acts linearly and |E| is defined by y 1 · · · y c . Then π −1 0 (y) has ♯Conj(G) connected components. Choose an element g ∈ Conj(G) of order l and assume that g = diag(ζ
The order of (y i ) along σ is a i l + min{j|σ ij = 0}.
For a multi-index s = (s 1 , . . . s c ) ∈ (Z ≥0 ) c , we define V s to be the set of σ such that min{j|σ ij } = s i for every 1 ≤ i ≤ c.
Let e i (1 ≤ i ≤ c) be the coefficient of {y i = 0} in E. Then the integration over the connected component is equal to
Let n be a sufficiently large integer so that V s is n-cylinder.
lies in the submodule of F −⌊qs⌋ in the q-th componentN k ofN Q/Z k . Therefore if e i + 1 > 0 for every i, then the infinite sum (4.1) converges. Therefore the integration in the proposition also converges. Let Y ′ be another smooth DM stack and f :
* K Y be the discrepancy divisor (relative canonical divisor) of f , which is an effective divisor supported in the exceptional locus and whose ideal sheaf is nothing but Jac f . Then as a direct consequence of Theorem 3.15, we obtain the following theorem. 
Remark 4.8.
(1) These invariants are a kind of universalization and generalization of Batyrev's orbifold E-function [2] and Chen and Ruan's orbifold cohomology [4] . (2) Theorem 4.7 is a generalization of Batyrev's blowup formula for orbifold E-function [2, Theorem 6.8].
(3) Ein, Mustaţǎ and the author [5] restricted the domain of the integration to a closed subset W to consider the minimal log discrepancy on W .
Let X be a normal DM stack, and D be a Q-divisor on X such that K X + D is r-Cartier for some positive integer. Take a resolution of singularities f : Y → X and define a divisor E on Y by the formula
Definition 4.9. We say that the pair (X , D) has Kawamata log terminal singularities if for every representable resolution Y → X , every coefficient of E is larger than −1.
The pair (X , D) has Kawamata log terminal singularities if and only if for an atlas M → X and the pull-back D ′ of D, the pair (M, D ′ ) has Kawamata log terminal singularities in the usual sense.
Assume that the pair (X , D) has Kawamata log terminal log singularities. Take a (not necessarily representable) resolution of singularities f : Y → X , and define a divisor E of Y as above. Let W ⊂ X be a constructible subset. Proof. Because of Theorem 4.7, the definition is independent of f . If we choose a representable resolution f such that E is stably normal crossing, then from Proposition 4.5, the integrations in the definition converge. It implies that for any f , the integrations converge and the coefficients of E are all > −1. Proof. The assertion follows from the definition and Theorem 4.7.
4.3. Σ-invariant by the motivic integration over a singular variety. For the variety case, we will give a description of the invariants without using the resolution. Let X be a normal variety and D a Q-divisor on X such that r(K X + D) is Cartier for some r ∈ Z >0 . Let ι : X sm ֒→ X be the embedding of the smooth locus. We have a canonical morphism
We have also a canonical morphism
with f ∈ O X (rD) ⊂ K(X). Let I X,D ⊂ O X be the fractional ideal such that the image of
is I X,D O X (r(K X + D)).
Definition 4.14. For a fractional ideal sheaf I ⊂ K(X ), we define the order function as follows Proof. The proof is parallel.
Remark 4.19. Theorem 4.17 was due to Batyrev [2] at the level of Epolynomial and for the global quotient case. Theorem 4.18 was proved by Denef and Loeser [8] . See also [15] .
Finally we consider the version generalized by Ruan [19] . Proof. It is the direct consequence of Theorem 4.13
Remark 4.21. Chen and Ruan [4] defined the orbifold cohomology for a general orbifold. For the case where X and Y are complete and the base field is C, working in the ring K 0 (HS), we conclude from the last theorem the equality of the Hodge structure of the orbifold cohomology;
orb (Y), ∀i ∈ Q, which was conjectured by Ruan [19] . A weak version was independently proved by the author [25] and Ernesto Lupercio and Mainak Poddar [16] .
